The factors that need to be taken into account to achieve spectroscopic accuracy for triatomic molecules are considered focusing on H 3 + and water as examples. The magnitude of the adiabatic and non-adiabatic corrections to the Born-Oppenheimer approximation is illustrated for both molecules, and methods of including them ab initio are discussed. Electronic relativistic effects are not important for H 3 + , but are for water for which the magnitude of the various effects is discussed. For H 3 + inclusion of rotational non-adiabatic effects means that levels can be generated to an accuracy approaching 0.01 cm − 1 ; for water the error is still dominated by the error in the correlation energy in the electronic structure calculation. Prospects for improving this aspect of the calculation are discussed.
Introduction
It has become standard in the quantum chemistry literature to describe calculations with an error of 1 cm − 1 as being of 'spectroscopic accuracy'. Yet high resolution spectroscopy routinely measures rotation -vibration spectra to accuracies of 0.001 cm − 1 or even better. Indeed spectra of even light triatomics such as H 3 + [1] or water [2] can have tens or hundreds of transitions per cm − 1 . An accuracy of 1 cm − 1 has practical convenience because, as discussed below, going beyond these limits requires the consideration of a number of effects which are neglected in standard ab initio formulations.
Spectroscopy not only provides a detailed probe of molecular structure and interactions, it also provides data for numerous applications. Some applications, particularly those which involve the spectra of hot (T\ 1000 K) species, require datasets which are too large for their laboratory determination to be possible. For example, recent compilations of water rotation -vibration lines considered well in excess of 10 8 individual transitions [3] [4] [5] . Perforce these datasets have to be constructed computationally but at the same time high accuracy is required. Thus the cited linelists, despite being based on very sophisticated models, are still found to be inadequate for models of cool (T 3000 K) oxygenrich stars [6, 7] . The ability to compute reliable linelists thus relies not only on developing computational methods capable of yielding large amounts of data required but also on constructing high accuracy models. This has led us to explore in detail what is actually required to compute spectra of small molecules to real spectroscopic accuracy, i.e. at least better than 0.01 cm − 1 . We have performed high accuracy ab initio studies for a number of systems including H 3 + , H 2 O, H 2 S [8] and HCN [9] . In this article we only consider results for the first two of these molecules, which are important prototypes. In particular H 3 + is the one triatomic system for which the Born -Oppenheimer electronic structure problem has been solved to spectroscopic accuracy [10] and water, besides being particularly important, has been found to be sensitive, perhaps unusually so, to effects often neglected in standard models, see for example, Ref. [11] .
H 3

+
H 3
+ is probably unique in that essentially all spectral assignments made have relied on first principles calculations based on the use of high accuracy potential energy surfaces and variational nuclear motion calculations [12] . The first assigned spectrum of H 3 + , the infrared emissions from its bending fundamental [13] , relied heavily on the ab initio calculations of Carney and Porter [14] . Table 1 shows the improvement in electronic structure calculations since these pioneering calculations, concentrating only on those works that gave potential energy surfaces suitable for nuclear motion calculations.
For reliable calculations of vibration -rotation spectra the location of the minimum of the potential and the shape of the potential about the minimum is more important than the absolute error in the potential. Thus, Carney and Porter [15] made excellent predictions despite an absolute error approaching the value of the quantities they were predicting. Similarly Meyer et al. [18] used careful error control techniques to produce a potential which proved highly successful for spectral assignments [12] . Interestingly, the potential of Lie and Frye [19] actually gives results for vibrational band origins closer to the experimental ones than the near-exact potential of Cencek et al. [10] . This is due to fortuitous cancellation of errors: including corrections to the Born -Oppenheimer approximation with Lie and Frye's potential actually moves their results away from the observed ones. Table 1 shows an improvement by at least a factor of 20 for the potentials computed within the last decade. The common feature of these more recent potentials is the use of explicitly correlated wave functions, i.e. ones which include the r 12 electron -electron coordinate in the wave function in some form. The potential of Cencek et al. [10] is so accurate that it makes a natural starting point for further investigations. Indeed these workers also calculated the relativistic correction to the electronic motion for H 3 + . They found this to be approximately 3 cm − 1 but to vary little with the geometry of the molecule, see Table III of [10] . This correction therefore makes little significant contribution, less than 0.01 cm − 1 , to the vibration -rotation spectrum of H 3 + . The same cannot be said for corrections to the Born -Oppenheimer approximation. [18] 1992 −1.343828 9 Lie and Frye [19] 1 −1.3438336 1994 Rö hse et al. [20] Cencek et al. [10] 0.04 −1.3438355 1998 DE is the approximate error in the absolute electronic energy at the minimum. [24] . method which involves estimating the effect by including the coupling due to excited states by summing over a complete set of one-electron excitations [25] . This method has yet to be widely used and has not yet been applied to H 3 + . The most common approach for diatomic systems is not to attempt such complete summations but to model the non-adiabatic correction to the vibrational motion by using an effective vibrational reduced mass for the system, v V [27] , whose value should lie between that determined using atomic masses, v A , and nuclear masses, v N . Polyansky and Tennyson [28] adopted this approach and effective masses obtained by Moss [29] for H 2 + and its isotopomers. The success of this approach is shown by the excellent results obtained in the final column of Table 2 .
Polyansky and Tennyson [28] also concluded that the non-adiabatic correction to the rotational motion was small for low values of the rotational quantum number, J, that they considered. They, therefore, adopted a rotational mass, v R , equal to the nuclear mass, v N . However, they found that use of v V " v R led to an extra term in the Hamiltonian, which, for H 3 + , is small but important for obtaining smooth results. It should be noted that the method adopted by Polyansky and Tennyson involves identifying vibrational and rotational motions, and that different ways of making this identification by, for example, using different embedding of the body-fixed rotational axes, will lead to different results. It has long been known that the optimal separation between vibrational and rotational motions is obtained by using the Eckart conditions [30] .
Use of the Eckart conditions is not standard in most internal coordinate based variational calculations since they lead to considerably more complicated Hamiltonians, see [31, 32] . However, for H 3 + it is possible to get an embedding close to the Eckart one by fixing the z-axis perpendicular to the plane of the molecules and noting that, for the equilibrium equilateral triangle structure of H 3 + , all orientations of axes within the plane of the molecule are equivalent. Recently, Kostin et al. [33] have implemented a z-perpendicular embedding and used it to tackle the H 3 + problem. They obtained rotational energy levels up to J5 15, the shows the sensitivity of the vibrational band origins of H 3 + and its isotopomers to both adiabatic and non-adiabatic corrections to the BornOppenheimer calculation. It is relatively easy to calculate the adiabatic correction, which is also known as the Born-Oppenheimer diagonal correction (BODC) as second derivatives of the electronic wave function with respect to displacements of the nuclear positions [21] . The original calculation of BODC surfaces for H 3 + [22] and its mixed isotopomers [23] used self-consistent field (SCF) wave functions and showed that the adiabatic correction was important at the 1 cm
level. More recently, Cencek et al. [10] recalculated the BODC using their highly correlated wave functions. Their calculations give an effect 13 cm − 1 larger than the SCF calculations, but found this shift to be nearly uniform with H 3 + geometry, see Table II of [10] . Use of the improved BODC changes the calculated vibrational band origins by less than 0.1 cm − 1 . Inclusion of non-adiabatic corrections to the Born -Oppenheimer approximation is far from simple. Recently, Schwenke has developed a full range for which there is experimental data [34] .
These calculations, because of their higher accuracy and larger range of J's considered, show the clear signature of a small contribution due to non-adiabatic effects. This contribution can be estimated approximately as 0.003J(J + 1) − 0.002K 2 cm − 1 , where K is the projection of J on the molecular z-axis.
Some time ago Bunker and Moss [35] made a rather complete formulation of the non-adiabatic contributions to the vibration-rotation problem for triatomic molecules. In this formulation they showed that the matrix elements, which determine the non-adiabatic correction to the rotational motion can be directly related to the electronic contribution to the rotational g-factor, g e . For H 3 + these factors are rather small but nevertheless have been calculated ab initio [36] . Use of these ab initio g e in our calculations almost completely account for the observed rotational non-adiabatic effect. Full results of this work will be reported elsewhere.
Water
Until recently, spectral analysis of the water molecule relied heavily on the use of effective Hamiltonians based on perturbation theory. However, improvements in the theory of variational calculations led to the assignment of spectra which had defied traditional analysis [2] leading to something of a paradigm shift in the analysis of water spectra [37] . The use of variational methods has emphasized the need for accurate, ab initio procedures.
Water spectra has long been used as a test bed for the accuracy of ab initio methods [38] . Table 3 charts the progress in ab initio predictions of the vibrational band origins of water since the original, pioneering variational calculations of Bucknell and Handy [39] . Although the error in the fundamentals has improved by about a factor of about 100 since then, there is some way to go before spectroscopic accuracy can be achieved. We will return to this point in Section 4.
The simple comparison of the fundamentals computed with a non-relativistic electronic structure methods with experiment is actually misleading. Calculations by Császár et al. [11, 44] have shown that the electronic relativistic corrections are surprisingly large for water and therefore cannot be ignored. The result of including this effect is to significantly improve the predictions for the stretching fundamentals (and indeed overtones [11] ), to within 1 cm
, but at the expense of worsening the agreement with the bending overtones. This finding is very much in line with error analysis of Partridge and Schwenke [3] who found their ab initio model to be significantly poorer for bending than stretching modes; however, it suggests that the excellent agreement with experiment obtained in the non-relativistic, force field calculations of Martin et al. [42] is actually fortuitous. 
The coefficients are in cm −1 for bond lengths in a 0 and angles in radians.
The finding that the first-order relativistic correction to the electron kinetic energy, strictly the one-electron mass-velocity plus Darwin (MVD1) corrections, is significant has led to the investigation of other high-order relativistic effects. In particular Quiney et al. [46] found that the twoelectron kinetic contribution via the two-electron Darwin term (D2) was fairly small, but the relativistic correction to the Coulomb potential, represented by the Breit interaction or the simpler, approximate Gaunt term, often contributed more than 1 cm − 1 to the higher vibrational band origins and therefore should not be neglected. Perhaps even more intriguingly an estimate of the quantum electrodynamic Lamb shift suggests that this too can contribute changes of the order 1 cm − 1 to the vibrational band origins and a similar amount to the J =20 rotational levels [47] . Conversely, recent calculations have shown that spin -orbit interactions, which might have been thought to be significant in the region of linear geometries, can safely be neglected [48] .
Inclusion of non-Born-Oppenheimer effects can play an important contribution to the spectrum of water. Zobov et al. [49] computed an SCF adiabatic or BODC surface. In contrast to H 3 + , where use of such a surface resolved most of the problems of treating the vibrations of the isotopomers, Zobov et al. found that the BODC did not explain differences between the various isotopomers of water although its use did lead to significant shifts in the J=20 energy levels. More recently, Schwenke [26] has recalculated the BODC using a correlated wave function calculated at the complete active space self-consistent field (CASSCF) level. He found that this correction is on an average 8 cm − 1 larger than the SCF level calculation, and that the new surface showed significant differences to surface calculated at the SCF level.
Unfortunately, Schwenke's fit to his CASSCF BODC data extrapolates very poorly outside the relatively small region defined by his ab initio calculations. Use of this surface with our codes gave unstable results. We have therefore refitted his CASSCF data to the functional form DV ad (r 1 ,r 2 ,q)
where r 1 and r 2 are the two O H bond lengths and q is the bond angle. Equilibrium is given by r e = 1.80965034a 0 and q e =1.82404493 radians. The coefficients of this fit, which reproduces the original data with a standard deviation of 0.01 cm − 1 , are given in Table 4 . This surface is no longer unstable but its behaviour for large values of the stretching coordinates are not well constrained by the ab initio data. Table 5 shows the effect of the various BODC surfaces on the lower vibrational band origins. The BO results in this table used the ab initio surface of Partridge and Schwenke [3] , which includes, separately, both valence correlation and core correlation effects. The calculations all used nuclear masses except for the column marked v V , which is defined, as previously [11, 49] , by the O atomic mass and an H mass midway between the atomic and nuclear mass. Use of our refitted BODC surface, while not giving the same results as Schwenke's surface, does support his finding that there are significant differences between the BODC surface calculated at the SCF level and that calculated using a CASSCF model. The two surfaces give similar behaviour for the bending modes but significant difference with respect to stretching excitations.
The main purpose of Schwenke's work [26] was to develop a model for including non-adiabatic corrections in the nuclear motion problem. His method involved explicitly calculating full, threedimensional coupling surfaces and is therefore a much more complete method than the use of mass scaling discussed for H 3 + above. Interestingly, Schwenke found that use of the relatively simple, vibrationally averaged, diagonal components of his coupling surfaces gave results very similar to those of his full calculation. The final column of Table  4 presents results obtained by Schwenke using his full non-adiabatic correction. We have implemented a simplified, diagonal version of this correction within our vibration-rotation program DVR3D [50] . In this we have only considered two non-adiabatic parameters, the ones which scale the second derivative (or kinetic energy terms) in q and r i . These results are compared to ones computed using the simple mass scaling procedure used for H 3 + . Non-adiabatic effects, as calculated either by mass scaling or more explicitly are significantly larger for water than for H 3 + . This finding is in line with previous predictions [49, 51] . The simplified two-term diagonal treatment of the nonadiabatic problem gives results in excellent agreement with Schwenke's full calculation; however, the use of mass scaling to include non-adiabatic effects predicts shifts of similar magnitude to the accurate treatment but differs considerably in detail. The mass scaling method systematically over-estimates non-adiabatic effects for the bending motion and under-estimates them for the stretches. Since the mass scaling results are insensitive to the choice of O mass used [49] , this method essentially involves the change of a single parameter, the H mass. Schwenke's diagonal approximation, while very greatly simplified compared to his full treatment, involves four parameters for the vibrational motion, plus a constant which does not affect band origins. We have used only two of these constants, with no noticeable further loss of accuracy. These are the parameters that scale the bending and stretching kinetic energy operators and are the same parameters that are scaled in the mass scaling method, where they are constrained to the same value. Table 6 presents results for the higher band origins of water. Schwenke does not present results for these states, so no comparison is made with his work.
Discussion and conclusions
From the high accuracy study of only two molecules, which show markedly contrasting sensitivity to the inclusion of effects normally neglected in the ab initio treatment of vibration-rotation spectra, it would be unwise to draw too many conclusions. However, a number of the observations made below are supported by other studies, in particular our high accuracy work on H 2 S [8] and HCN [9] . Table 7 presents a summary of the influence of each effect. In each case the largest shift, or an estimate of the largest shift, is given. It should be noted that in compiling this table only band origins for which experimental data are available have been considered. Since many more vibrational bands are known for water than H 3 + , this leads to some bias in the magnitude of the corrections towards the water case. In particular the adiabatic corrections for H 3 + are actually larger for the low-lying states, the only ones for which a direct comparison can be made.
As a purely hydrogenic system, it is probably not surprising that relativistic effects are found to be largely unimportant for H 3 + . Conversely, Császár et al. [44] found that the potential energy surface of water showed a particularly strong sensitivity to relativistic effects. This they ascribed to the re-hybridisation of the O electrons as the molecule changes from bent to linear geometries. Although other systems containing first row elements do not seem to show the same sensitivity to electronic relativistic effects as water [9, 44] , these effects are certainly not negligible. Methods for calculating these effects are becoming readily available. Unsurprisingly, relativistic effects in the heavier H 2 S system are larger than those in water [8] . Studies on whether higher order relativistic corrections are important in other systems, particularly H 2 S, are presently underway.
Corrections to the Born-Oppenheimer approximation are probably only important for high accuracy work on molecules containing H atoms. The adiabatic or BODC is relatively easy to calculate ab initio [21] . For H 3 + the adiabatic correction to the Born-Oppenheimer approximation is more important than the non-adiabatic correction. For water the two effects have similar magnitude. As yet there is no other triatomic system for which similar comparisons can be made but when these results are combined with studies of diatomics [29, 52, 53] , it would appear to be a general property of only pure hydrogen systems that the adiabatic correction is the most important correction to the Born-Oppenheimer approximation.
We have compared a number of models for including non-adiabatic corrections. The full treatment by Schwenke [26] represents a significant advance, but it is to be hoped that it will not generally prove necessary to calculate the large number of coupling surfaces involved to model what is a fairly small effect. It is therefore encouraging that the two parameter diagonal reduction of Schwenke's full treatment gives such good results. This method gives significantly better results than the single parameter mass scaling which works well for H 3 + . It is unclear at this stage whether the single parameter method works well for H 3 + but not water because (a) the non-adiabatic effects are smaller in H 3 + so a lower accuracy is acceptable, (b) the higher symmetry of H 3 [10] of unprecedented accuracy, the Born -Oppenheimer potential remains the major source of error for water and is likely to be the main error in a similar study for any other triatomic molecule. Partridge and Schwenke [3] expended considerable efforts in both trying to produce well-converged results and to analyse the errors in their results. Their conclusion, which is supported by the study of Császár et al. [44] , is that the major source of error is due to the lack of convergence of the basis set used to represent valence correlation in the bending coordinate. That the main error with the BO potential is in the bending coordinate is consistent with our error analysis of the vibrational energy levels.
+
It would seem unlikely that this problem will be resolved by simply using larger correlation consistent (CC) basis sets since such calculations are likely to suffer from problems with linear dependence. However, there are two new approaches, which offer hope that further improvements in the Born -Oppenheimer potential may well be achievable in the near future. One is the careful use of extrapolation techniques to accelerate the convergence of such studies with respect to basis set size [44] and level of electron correlation [54, 55] ; such methods has already been shown to yield satisfactory results for H 2 S [8, 55] . The other method is the use of wave functions which explicitly include the electron-electron coordinate [56, 57] . Such methods are known to lead to accelerated convergence of the basis set required to represent correlation effects and have already been demonstrated to give high accuracy for HF [58] which is a ten electron system like water. It is therefore to be hoped that an ab initio solution to the vibrationrotation energy levels of water to spectroscopic accuracy, along the lines of the one that has already been achieved for H 3 + , will be achievable in the fairly near future. This will represent a major triumph for ab initio quantum chemistry.
Finally, it should be noted that besides the obvious goal of achieving spectroscopic accuracy by ab initio procedures, there is another important use of improved ab initio procedures. Potential energy surfaces derived from fitting to spectroscopic data are now becoming a standard tool for the analysis of spectra of small molecules. Our experience shows that the quality of such potentials improves significantly with the quality of the ab initio starting point.
